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ROBUSTLY ASYMPTOTIC MEASURE EXPANSIVE
CLOSED SETS

MANSEOB LEE*

ABSTRACT. In this paper, we show that if a transitive set A is
robustly asymptotic measure expansive then A is hyperbolic.

1. Introduction

Let M be a compact smooth manifold and f : M — M be a diffeo-
morphism. For any ¢ > 0 and x € M, we define I's(z) = {y € M :
d(fi(x), fily)) < 6 Vi € Z}, which is called a §-ball. If a diffeomor-
phism f is expansive then I's(xz) = {z}, that is x = y. Measure theoretic
expansive was suggested by Morales and Sirvent [7] firstly, and a gen-
eral notion was introduced in [1] which is called asymptotic measure
expansive.

Let M(M) be a Borel probability measure on M. For any p € M(M)
and any closed f-invariant set A C M is said to be asymptotic -
expansive (or A is asymptotic measure expansive ) for f if there is
d > 0 (called an asymptotic measure expansive constant) such that
u(f"(Ts(z))) — 0 as n — £oo. If A = M then we say that f is as-
ymptotic p-measure expansive (or f is asymptotic measure expansive
).

It is known that f™(T's(x)) = Ts(f™(x)) for all n € Z. It is a general
notion of u-expansivity (see [1]).

A closed f-invariant set A C M is called hyperbolic if the tangent
bundle TAM has a D f-invariant splitting £° & E* and there exist C' >
0 and A € (0,1) such that [|[D,f"(v)|| < CA*||v||(v € EZ \ {0}) and
|1 Dy f~™(v)]| < CA*||v||(v € E*\ {0}), for all z € A and n > 0.

A point z € M is called a periodic point if there is n, > 0 such that
f" (x) = z and called a non-wandering point if any neighborhood U, of
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x there is n > 0 such that f™(U,) NUy # 0. Let Per(f) be the set of all
periodic points of f and Q(f) be the set of all non-wandering points of
f. It is known that Per(f) C Q(f). A diffeomorphism f is Aziom A if
Per(f) = Q(f) is hyperbolic.

A main interesting issue of differentiable dynamical systems is hy-
perbolicity of a closed invariant set. A closed f-invariant set A C M
is called robustly asymptotic measure expansive if there are a C'' neigh-
borhood U of f and a neighborhood U of A such that A =", ., f™"(U)
and for any g € U, Ay = (1,7 9" (U) is asymptotic measure expansive,
where A, is the continuation of A.

A closed f-invariant set A C M is called a transitive set if there is
a point & € A such that the omega limit set of z, ws(x), is A. Using
the notion and a transitive set A, Lee and Park [6] proved that if A
is robustly expansive then A is hyperbolic for f. Lee [3] proved that
if A is robustly continuum-wise expansive then A is hyperbolic for f
and Lee [5] proved that if A is robustly weak measure expansive then
A is hyperbolic. The results are a motivation about this paper. The
following is a main result of this paper.

THEOREM 1.1. Let A C M be a transitive set of f. If A is robustly
asymptotic measure expansive for f, then A is hyperbolic for f.

2. Proof of Theorem 1.1

LEMMA 2.1. Let A C M be a closed f-invariant set. If a diffeomor-
phism f*: A — A is the identity map, for some k € Z\ {0} then f* is
not asymptotic measure expansive.

Proof. Suppose that f*: A — A(k € Z\ {0}) is asymptotic measure
expansive. Let m be the Lebesgue measure on A. For a Borel set C C M,
we define v € M(M) by

k—1

A(C) = 3 SmlC N f(A).
1=0

Let 6 > 0 be the number of the asymptotic measure expansive constant.
By continuity, there is € > 0 such that if d(x,y) < e(x,y € M) then
d(fi(z), fi(y)) < & for 0 <i <k — 1. For any € M, we define I's(x) =
{y € M :d(f*(z), f*(y)) <6, Vk € Z}. Since f¥: A — A is the identity
map, for any = € A, we see that Os5(z) = {y € A : d(z,y) < €} C
[s(z). It is clear that v(f™(Os(z))) = v(Bs(x)) > 0 for all n € Z. Since
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v(f"(Ts(z))) — 0 as n — +oo, but v(f"(Os(z))) = v(Os(z)) /4 0 as
n — +oo. This is a contradiction. O

Note that a diffeomorphism f is asymptotic measure expansive if and
only if f¥ is asymptotic maesure expansive, for all k € Z\ {0}. For any
closed f-invariant set A, we say that A satisfies a local star condition(or
f is local star on A) if there are a C'* neighborhood U of f and a compact
neighborhood U of A such that every periodic point in A4 is hyperbolic,
for any g € U, where Ay = (,cz 9" (U). Denote by S(A) the set of all
diffeomorphisms f satisfying a local star condition on A.

LEMMA 2.2. Let A C M be a closed set. If A is robustly asymptotic
measure-expansive then f € S(A).

Proof. Let U and U be the definition of robustly asymptotic mea-
sure expansivity. Suppose that by contradiction there exists a diffeo-
morphism f ¢ S(A). Then we can take a diffeomorphism g € U such
that g has a periodic point p € A, which is not hyperbolic. Then
D,g™®) (g™®)(p) = p) has an eigenvalue X with |A| = 1. As in the proof
of [3], we assume that g(p) = p. Using Franks’ Lemma ([2]), there are
r > 0 and g1 € U such that g; has a small arc J, C U such that for
some k € Z, (i) gf(Jp) = Jp and (i) gf|g, : Jp — Jp is the identity
map. By Lemma 2.1, gf is not asymptotic measure expansive. This is
a contradiction. O

LEMMA 2.3. [4] Let A C M be a transitive. If f is a local star on A,
then A is hyperbolic.

End of the Proof of Theorem 1.1 Since A is robustly asymptotic
measure expansive, by Lemma 2.2, f satisfies a local star on A. By
Lemma 2.3, A is hyperbolic. O
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